ASYMPTOTICS FOR FIRST-PASSAGE TIMES 
ON DELAUNAY TRIANGULATIONS 
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Abstract. In this paper we study planar first-passage percolation (FPP) models, orig- 
inally denned in the context of Z d lattice by Hammersley and Welsh jS], on random 
Delaunay triangulations. The setup is as follows: to each edge e attach a positive random 
variable r e ; the first-passage time T(v, v) between two vertexes v and v is defined as the 
infimum of J^eej r e over au paths 7 connecting v to v. By using subadditivity, Vahidi- 
Asl and Wierman showed that the rescaled first-passage time converges to a constant, 
called the time constant. We show a sufficient condition to ensure that the time constant 
is strictly positive and derive some upper bounds for fluctuations. Our proofs are based 
on renormalization ideas and on the method of bounded differences. 



1. Introduction 

Let PCK 2 denote the set of points realized in a two-dimensional homogeneous Poisson 
point process with intensity 1. To each vG? corresponds a polygonal region C v , named 
the Voronoi tile at v, consisting of points x6K 2 such that |x — v| < |x — v| for all v£p. 
The family composed by Voronoi tiles is called the Voronoi tiling of the plane based on V. 
For a concise introduction in the subject we refer to Moller [IT?] . 

The Delaunay Triangulation V = (V v ,V e ) is the graph where the vertex set V v := V 
and the edge set V e consists of non-oriented pairs (v, v) such that C v and C v / share a one- 
dimensional boundary (Figure P). One can see that (with probability one) each Voronoi 
tile is a convex and bounded polygon, and the graph T> is a triangulation of the plane. 




Figure 1. The Voronoi Tiling and Delaunay Triangulation. 
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The Voronoi Tessellation V = (V„, V e ) is the graph where the vertex set V v consists of 
vertexes of the Voronoi tiles and the edge set V e is the set of edges of the Voronoi tiles. 
The edges e* of V are segments of the perpendicular bisectors of the edges e of T>. This 
establishes duality of T> and V as planar graphs. 

To each edge e G T> e is independently assigned a nonnegative random variable r e from 
a common distribution F, which is also independent of the Poisson point process that 
generates V. We assume that both V and {r e : e G T> e } are functions of a configuration 
uj G Q and denote by P its joint law. The expectation and the variance are denoted by E 
and by V, respectively. 

Let 

i( 7 ) :=$> e , 

e£7 

be the passage time along the path 7. The first-passage time between two vertexes v and 
v' is defined by 

T(v,v') :=inf{t( 7 ); 7 GC(v,v')} 

where C(v, v') denotes the set of all self-avoiding paths connecting v to v'. A geodesic 
connecting v to v' is a path p(v, v') G C(v, v') which attains the minimum: 

t(p(v,v'))=T(v,v') 

(a sufficient condition on F to ensure the existence of geodesies is given by Corollary IH.2j) . 

For each x 6 I 2 we denote v(x) the almost-surely unique point v G V such that x G C v . 
For xjel 2 let 

T(x,y) :=T(v(x),v(y)) 

and 

P(x,y) := p(v(x), v(y)) . 
The set of points reached from x by time t is defined by 

B x (t) := {y G R 2 : y G C v where v G V v and T(v(x), v) < t} , 

We remark that others FPP models (euclidean FPP) were introduced by Howard and 
Newman [7j, where the underline graph is the complete graph with vertex set V and to 
each edge e = (v, v) is attached the passage time T( Vj v) := |v — v| a [a > is a fixed 
parameter) . 

We recall fundamental results in the subjects, proved by Vahidi-Asl and Wierman 
120]. Let 

li(F) := inf K -^- G 0, 00] 

n>0 n 

where := (0,0) and n := (n, 0). fi(F) is usually refereed the time constant. Assume that 
r i, 72,73 are independent random variables with common distribution F: if 

E( min {r ? }) < 00 (1.1) 
3=1,2,3 J 
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then /z(F) < oo and for all unit vectors xgS 1 (|x| = 1) P-a.s. 

T(0,nx) ET(0,n) 
hm — — = hm ^— — = /i(F) . (1.2) 

In addition, if 

E( min |r,j 2 ) < oo 

j=l,2,3 J 

holds and //(F) > then for all e > P-a.s. there exists to > such that for all t > to 

(1 - e)iD(l///) C B (t) C (1 + e)tD(l//7) , 
where D(r) := {x6K 2 : |x| < r}. 

Two natural questions arise from (jl.2j) . 

• When is fi{¥) > 0? 

• What is the right order of T(0, n) — fin? 
It is expected that 

F(0) < p c := inf{p > 0; 0(p) = 1} , 

where #(p) is the probability that bond percolation on T> occurs with density p, is a sufficient 
and necessary condition to have /t(F) > (Kesten |12|). 

Heuristics arguments indicate that FPP models belongs to the KPZ universality class, 
which brings the conjecture that the right order is n x , where \ — (Kadar, Parisi and 
Zhang PU], Krug and Spohn [Ej). However the only models for which this has been proved 
are certain growth models related to random permutations (Baik, Deift and Johansson [2] , 
Johansson [§]). For lattice FPP Kesten showed that \ < 1/2 (see also Alexander pQ), 
and for euclidean FPP Howard and Newman [S] showed the same upper bound. 

In this work we prove some results related to the questions above. To state them we 
require some definitions involving a bond percolation model. 

Let A and B be two subsets of IR 2 . Let [x, y] denote the line segment connecting x to 
y. We say that a self-avoiding path 7* = (v*, vj£) in V is a path connecting A to B 
if [vl, V2] fl A / (3 and [v^_ l5 v£] fl B 7^ 0. The bond percolation model on the Voronoi 
Tessellation V, with parameter p and probability law P* is constructed by choosing each 
edge e* in V e to be open independently with probability p. An open path is a path composed 
by open edges. For each R > denote by Ar the event that there exists an open path 
7 = (v*) in V, connecting {0} x [0, R] to {3R} x [0, R], and with v* e [0, 3.R] x [0, R] 
for all j — 2, . . . , h — 1. Define the function 

77* (p) :=liminfP;(A fl ), 

and consider the percolation threshold, 

p* c := inf{p > : r}*(p) = 1} < 1 (1.3) 
(the inequality in ()1.3|) will follow from Proposition 13. 1|) . 
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For each k > 1/2 we set v = u(k) := (4/t — 2)/7. For the remainder of the paper we 
will use the symbols aj, Cj, bj for j — 1, 2, . . . to represent strictly positive constants, whose 
value may change from appearance to appearance but will not depend on n, r, s or t in 
the notation we will follow here. 

Theorem 1. J/F(0) < 1 - p* and / TP) holds then 

0<u(F)<oo. (1.4) 

If (QUI) is strengthened to 

¥(e ar ) = J e at d¥(t) < oo for some a > (1.5) 

then: 

• For all e > there exists n > s^c/i t/iat for all n > n 

V(T(0,n)) < n 1+e ; (1.6) 

• For all k > 1/2 i/iere exist constants Cj > such that for alln > 1 and r e [0, Cin K ] 

P(|T(0,n) -ET(0,n)| > rn K ) < e"^ , (1.7) 

and 

fin < ET(0, n) < /in + c 3 n K (log n) 1 ^ . (1.8) 

We note that our condition to get //(F) > should be equivalent to F(0) < p c , since it 
is expected that p c + p* = 1 (duality) for many planar graphs 1 . 

From Theorem ^ the proof of which is given in Section IH we get an upper bound for 
the fluctuations of T(0, n) about fin and an improved shape theorem. 

Corollary 1.1. If¥(0) <1 —p* c and hi. 9(1 holds then for all k > 1/2 there exist constants 
Cj > such that for all r e ^(logn) 1 /^, c\n K ] 

P(|T(0,n) -fin\ > rn K ) < e'^" . (1.9) 
Proof of Corollaru \l.l\ (jl.9|) follows immediately from (jl.7|) and p.8|) . 

□ 

Corollary 1.2. If¥(0) < 1 - p* and hi. 9(1 holds then for all k > 1/2, F-a.s. there exists 
t > such that for all t > t Q 

{t - t K )D(l/n) C B (t) Q(t + t K )D(l//i) . 



It follows from JQJ that p c + p* > 1 holds (Pimentel [T7j) 
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Proof of Corollary \1. OA Notice that, for large |x|, if 

|T(0,x) -fj\x\\ > |x| K 

then 

|T(0,z) -/i|z|| > |z| K /4 or max T(x, z) > |z| K /4 . (1.10) 

x— z|<l 

Under ()1.5|) . one can easily see that P-a.s. the event in the right hand side of ()1.10|) 
occurs for finitely many z G Z 2 . From (|1.9|) (and the Borel-Cantelli lemma) it follows that 
P-a.s. the event in the left-hand side of (jl.lOj) occurs for finitely many zGZ 2 . 

Therefore, P-a.s. there exist M > such that for all x G R 2 with |x| > M 

|T(0,x) -/i|x|| < |x| K , 

which yields Corollary 11.21 (further details are left to the reader). 

□ 

Overview. In Section 121 we will study some geometrical aspects of Voronoi tilings and 
of self-avoiding paths on Delaunay triangulations, which will play an important role in 
control the asymptotic behavior of first-passage times. In Section |3] we explore the duality 
between bond percolation models on Delaunay triangulations and on Voronoi tessellations 
to relate the size of F(0) and the value of //(F). The fluctuations of the first-passage time 
about its asymptotic value are considered in Section HJ 

2. Preliminaries 

The main tool we handle to control the fluctuations of the first-passage time about its 
asymptotic value is the method of bounded increments, which was also considered by Kesten 
[TS] in the lattice FPP context, and also by Howard and Newman jHj in the euclidean FPP 
context, to study the same question. This method represents T(0, n) — ET(0, n) as a sum 
of martingales increments and, after estimating these increments, applies standard bounds 
for martingales with bounded increments. 

One of the great difficulties here is that, as distinct from the lattice context, a local 
increment in a configuration u is felt not only by the travel times but also by the (random) 
graph, which has a long range dependence. For this reason we shall define a truncation of 
the Poisson process. 

For z G Z 2 , r > and s G {j/2 : j G N} let 

B s z r := rz + [sr, sr} 2 . (2.11) 

Order the points of Z 2 in some arbitrary fashion, say Z 2 := {u 1; u 2 , . . . }. Let 5 > be a 
fixed parameter which value will be specified later 2 . Let n > 1 and for each k > 1 let 



Its value will depend on e and k in Theorem ^ 



6 



LEANDRO P. R. PIMENTEL 



Let | A | denote the number of elements belonging to the set A. Define the point process 
V n := V n (V) (whose distribution will also depend on 5) as follows: 

• If |B£ fl V\ = then set B£ fl V n := {v^} where is a random point uniformly- 
distributed in B£; 

• If |BJJ n V\ > An 25 then set B™ n V n : = {v£, . . . , M } where (v£, . . . , vf 2 *) is a 
sequence of 4n 2S points uniformly chosen in B£ fl V . 

We make the convention Voo = V and denote by T> n the Delaunay Triangulation based on 
V 

• n- 

2.1. Renormalization and full boxes. The geometry of Voronoi tilings is study through 
renormalization ideas. In a few words, it consists in defining a larger box to be a good box 
if some property is satisfied in a neighborhood of that box. In the course of the proofs we 
shall utilize different definitions of good boxes but all of them will carry the notion of full 
box. 

1/2 r 

Formally, we divide a square box B = B z ' into thirty-six sub boxes of the same length, 
say Bi, . . . , B 36 . We stipulate B is a full box, with respect to the point configuration V n , if 
all those thirty-six sub boxes have at least one point belonging to V n (Figure |2J. In other 
words, 

[B = uf =1 Bj is a full box ] := [B 3 - n V n ^ Vj = 1, . . . , 36] . (2.12) 




Figure 2. Renormalization: a full box 

We say that A := (Bl{ 2 ' r , . . . , Bz( 2,r ) is a circuit of boxes if (z x , . . . , z k ) is a circuit in 
Z 2 . Let A be the closed polygonal path composed by the line segments connecting rzj 
to rZj_|_i, where j — 1, . . . , k — 1, together with [z&, z^]. To each circuit A we associate 
four subsets of the plane: A out will denote the (topological) interior of the unbounded 
component of M 2 \ U* =1 B^ 2 ' r , while A m will denote the interior of the bounded component 

of M 2 \U^ =1 Bzj 2 ' r ; \ out will denote the interior of the unbounded component of M 2 \A, while 
A m will denote the interior of the bounded component of M 2 \A. 
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Lemma 2.1. Assume that A := (B^ 2 ' r )^ =1 is a circuit composed by full boxes with respect 
toV n . 

//anr^NCvCA™. (2.13) 

// C v n A out j£ C v C X out . (2. 14) 

Proof of Lemma \2.1\ By convexity of Voronoi tiles, if ()2.13j) does not hold then there exist 
xi G dA m fl C v and x 2 G d\ m PI C v (<9A denotes the boundary of the set A) and thus 

r/2 < |xi - x 2 | . 

Since every box in (Bl( 2 ' r )j =l is a full box, there exist v 1; v 2 G "P n so that 

|vi — xi| < \/2r/6 and |v 2 — x 2 | < \/2r/6 . 
Although, xi and x 2 belong to C v and so 

|v — xi| < |vi — xi| and |v — x 2 | < |v 2 — x 2 | . 

Thus, 

r/2 < |xx — x 2 | < |xi — v| + |x 2 — v| < V%r/3 , 

which leads to a contradiction since a/2/3 < 1/2. By an analo gous argument, one can 
prove (I2~TU) . 

□ 

For each ACM 2 let Q-p n (A) be the sub-graph of V n composed by edges e = (vi, v 2 ) so 
that C Vi D A ^ for % — 1, 2. We denote by r(A) the sequence of passage times associated 
to edges in Q Vn (A). 

Given a random variable X and a measurable event F we denote by X \ F the random 
variable X condition on the event F. 

Lemma 2.2. Let F\ be the event that A := (B^ 2,r )^ =1 is a circuit composed by full 
boxes with respect to V n . Assume that X is a random variable which only depend on 
(Q-p n (A m ), r(A 1 ")) and thatY is a random variable which only depend on (Q-p n (A out ) , r(A out )) 
Then 

X | F\ is independent ofY\F^. 



Proof of Lemma \2.HA It follows from Lemma 12.11 



□ 
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2.2. Greedy lattice animals and site percolation. In this section we introduce two 
models which will also play an important rule in the study of Voronoi tilings. The first 
one, named Greedy lattice animals and introduced by Cox, Gandolfi, Griffin and Kesten 
[Sj), consists of the following: a lattice animal is a connected subset of Z 2 containing the 
origin. Let $ r and <3> r denote the set of animals with at most r sites and with at least r 
sites, respectively. 

Let X := {X z : z 6 Z 2 } be a collection of i.i.d. non- negative random variables and 
define 

M S (X) : = max{^X z : A G $ s '} . (2.15) 

A greedy lattice animal is a lattice animal which attains the maximum in the above defi- 
nition. 

Lemma 2.3. If 

E{e cXo ) < oo for some c> (2.16) 
holds then there exist 61,62 > such that 

P(M S > b v s) < e~ b2S . 

Proof of Lemma \2. OA Under (|2.15|) . 

E(M S ) < bs 

for some 6 > (Cox, Gandolfi, Griffin, Kesten j3]). From Corollary 8.2.4 of Talagrand [18] . 
if v s denotes a median of M s then 

F(\M S -v s \ > u) < 4exp(-/c min{s~ 1 M 2 ,M}) . 

for some constant c > 0. 

By integrating in u from to 00 both sides of the last inequality we get that, for some 
constant 6 > 0, 

|EAf s - i> 5 | < E\M S - v s \ < by/s. 

and so 

F(\M S - EM S \ > u) < exp(-c min{s~ 1 M 2 ,M}) , 
if u > 2by/s. This implies that 

¥(M S > 26s) < ¥(\M S - EM S \ > bs) < e - bs/2c ° , (2.17) 

which yields Lemma [2. HI 

□ 

Now, for each n > 1 consider Y n := {Y™ : z G Z 2 }, a collection of Bernoulli random 
variables. Let 

6 := inf inf P(K n = 1) . 

n>lzGZ2 
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Assume that this collection is /-dependent: {Y™ : z G A} and {Y™ : z G B} are 
independent whenever 

I < d^A, B) := min{|z - z'^ : z G A and z' G B} . 

This defines a family of /-dependent site percolation models index by n G [1, oo] (a site z 
is called open if F z n = 1). Here we are interested on the density of open sites in the set of 
lattice animals with at least s sites. For more details in the subject see the reference book 
of Grimmet jlj. 

For each animal A we denote by the set of all B C A such that if z, z G B then 
g?oo(z, z) > k. Let 

m k (A,Y n ) := max{^i; n : B G EU} 
zeB 

and 

m k s (Y n ) : = min{m*(A, Y n ) : A G $ s } . (2.18) 

Lemma 2.4. For all I > 1 there exists po G (0, 1) such that if > po then for all k > 1 
there exist 63, 64 > snc/i £/ia£ /or a// n G [1, 00] and s > 1, 

F(m k s (Y n ) < b 3 s) < e- b4S . (2.19) 

Proof of Lemma \2.Ji\ By Theorem 0.0 of Ligget, Schomman, Stacey [T5] . the family 

{F n : n G [l,oo]} 

is stochastically dominated from below by a collection of i.i.d Bernoulli random variables 
with parameter p(0) — > 1 when </>—>• 1. 

Therefore, Lemma 12.41 will follow if we prove that (J2.19|) holds for m k (Y), where Y : = 
{Y z : z G Z 2 } is a collection of i.i.d Bernoulli random variables with parameter p sufficiently 
close to 1. Since m),(Y) < c(k)m k (Y), for some constant c(k) (only depending on k), we 
may restrict our attention to k = 1. 

For each animal A, ^2 zeA Y z is a binomial random variable with parameter |A| and p. 
Since (the number of animals A with |A| = j is at most C J , for some constant C > 0) we 
have at most c- 7 animals with |A| = j, we get that 

P(m s (F) 1 < bs) = P(3 A : J^F Z < bs and |A| > s) 

zeA 

j>s 1=0 j>s 

(1 - p)- bs [2c{l - p)} s _ exp{slog2c + s(l-6)log(l-p)} 
~ l-2c(l-p) ~ 1 - 2c(l - p) 

if b < 1 and p > 1 — l/2c. Thus, if we fix p > 1 — l/2c and 

6 3 <l+log2c[log(l-p)]- 1 



10 LEANDRO P. R. PIMENTEL 

then we can find 6 4 = 64 (p) > so that ()2.19|) holds for m\(Y). 

□ 

2.3. Self-avoiding paths on Delaunay triangulations. Let C r and C r denote the set 
of self-avoiding and finite paths 7 in T> n , starting from v(0), with I7I > r and with | — y | < r, 
respectively. 

Fix L > and for each path 7 in T> n let A (7) C Z 2 be the set of points z G Z 2 so that 
Bz /2 ' L n [v, v'] ^ for some v, v' G 7 (Figure EJ). Define 

g L r {V n ) :=min{|A( 7 )| : J e C r {V n )} 

and 

G L r (V n ) := max{|A( 7 )| : 7 G C r (P„)}- 




Figure 3. 7 and A(7) 



Let x, y G M 2 and define the path 7(x, y) := (vi, Vfc) in V(V n ) as follows: set Vi := 
v(x); if V! 7^ v(y) then let v 2 be the (almost-surely) unique nearest neighbor of Vi such 
that the edge of C Vl , that is perpendicular to [v 1; v 2 ], crosses [x, y]; otherwise we set k — 1 
and the construction is finished; given vj with I > 1, if v; 7^ v(y) then we set v; + i to be 
the unique nearest neighbor of v; different from v^_! such that the edge of C V! , that is 
perpendicular to [vj,Vj + i], crosses [x, y]; otherwise we set k := I and the construction is 
finished. We denote 7 r := 7(0, rl). 

Proposition 2.1. For each L > 1 there exist Cj = Cj(L) > such that for all n G [1, 00], 
for all r > 0, 

n9rCPn)<c 1 r)<e-^ r J (2.20) 

and 

nGriVn) > c 3 r) < e- C4r . (2.21) 

Proposition 2.2. There exists z > such that, for all n G [l,oo], for all r > and 

z> z 

n\lr(V n )\>zr)<e-^ zr . (2.22) 
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Proof of Proposition \2.1\ First notice that to prove ()2.20|) we can restrict the attention to 
L = 1. Let X% := |B Z /2,1 n V n \ and denote X n := {X™ : z G Z 2 }. Consider the random 
variable M™ := M s (X n ) defined in (|2~T5D . 

By definition, if gl(V n ) < cr then there exists a path 7 G C r (V n ) with |A(7)| < cr. Thus 

M*> ]T |By 2 ' 1 n^|>i 7 |>r, 

zGA(7) 

which yields that 

Hgl(V n ) < cr) < P(M c n r > r) . (2.23) 
By the definition of V n , for each z G Z 2 

{Bl^nVnl < IB^nPool + i, 

and then 

u;: < M r °° + r . 



Combining this with ([2.23)1 . one gets that 

W{gl(Vn) < cr) < P(AC > (1 - c)r) . 
Since ()2.16|) holds for X°°, together with Lemma f2. 31 this implies ()2.20|) . 

The proof of (|2.21j) is founded on renormalization techniques as follows. Denote C z the 
circuit composed by sites z' G Z 2 with |z — z'^ = 1. We say that ~B> l J 2,L is good box, or 
equivalently Y£{L) = 1, if B^ 2 ' L is a full box with respect to V n for all z G C z (see (|2.12j) ). 
We denote F n (L) := {Y?(L) : z G Z 2 }. 

Lemma 2.5. {Y" z n (L) : z G Z 2 } is a 3- dependent collection of Bernoulli random variables. 
Further, for all e > i/iere exists L > so that 

inf inf P(F z "(L ))>l-e. 

Proof of Lemma \2. 51 Since C 2 and C z / are disjoint if |z — z'| > 3, the first part of this 
lemma follows directly from the definition of V n . 

To prove the second part notice that if L/36 > n s then each sub-box of ~Q l J 2,L with 
length L/6 contains at least one box B^ (used to construct V n ). Thus 

F(Y z L (P n ) = l) = l. 
Now, if L/36 < n 5 and B is a box with length L/6 then 

P(B n V n ^ 0) < P(B n v ^ 0) + ¥(V n nB^pnB) 

< e -iV36 + e -bn« < e -LV36 + e -&(L/36)3 ? 

which yields the second part of Lemma 12.51 

□ 
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Consider the random variable mf(Y n (L)) denned in (|2.18|) . Assume we have a path 
7 G C. Then its animal A(7) contains a subset B G with m 3 (Y n (L), A) good boxes. 

i7^^n 1/2 _£/ 1/2 L 

By Lemma 12.11 if B z ' is a good box in A(7) then 7 has an edge lying in Uzg^B^ ' . 
On the other hand, if Bz{ 2,L and T$l,l, 2 ' L are 3-distant then 

u Ma B^nu, e c Z2 By u = l. 

Thus, we must have that 

m 3 (Y n (L), A) < | 7 | < r, 

which implies that 

P(G£(7>„) > cr) < P(m^(F"(L)) < r) . 

Together with Lemma [2.51 and Lemma (|2.4jl this proves (|2.21jl for large Lo, which finishes 
the proof of Proposition 12.11 

□ 

Proof of Proposition \2. b A For this proof we say that ~Q 1 J 2 ' L is a good box, or equivalently 
Z?(L) = 1, if it is a full box. Then Z n (L) := {Z™{L) : z G Z 2 } is a collection of 
independent random variables. 

Let H™ be the set of closed sites (Z™(L) = 0) in Z 2 which are connected to (j, 0), and 

H-:={(0,j)}UH,U9H-. 

Also define l n s (Z n (L)) := U* =1 H™. 

By Lemma f2. 11 

7r(^n)CU zeI . /L By 2 ' L , 

and thus 

\lr{V n )\ < J2 l B z AL nP„|. (2.24) 

bmce P(Z Z L (P„) = 0) = o(L) uniformly in n (by the same argument in Lemma [2. 5|) . we 
can find L sufficiently large so that E(exp(|Ho|) < 00. This yields that 

> ys) < e ciys , (2.25) 

for y > y and Cx,y constants whose values do not depend on n. 

From now on we fix such Lq and write M™ := M s (Z n (Lo)) (defined in ()2.15jl ) and 
I™ := I"(Z n (L )). By Lemma [2.31 for sufficiently small c > one can find b\ > so that 

nM? LoZr > zr) < P(M- o2r >(z- l)r) < e~ b ^ . (2.26) 

By 

n\lr(V n )\ > zr) < 
n\lr(V n )\ > zr, \I^J < cL z{r/L Q ))+n\K, Lo \ > cL z(r/L )) < 
HM: Lozr > zr) + P(I? /Lo > cL z(r/L )) . 
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Together with (l2~2T)l) and IjOijl . this yields (f2~22l). 

□ 

Remark: the connective function on disordered graphs. Problems related to self- 
avoiding paths are connected with various branches of applied mathematics such as long 
chain polymers, percolation and ferromagnetism (Kesten [TTj . Hammersley [£]). One fun- 
damental problem is the asymptotic behavior of the connective function K r defined by the 
logarithm of the number of self-avoiding paths (on some graph Q) starting at v and with 
r steps. 

For planar and periodic graphs subadditivity arguments yields that r -1 /c r (v) converges, 
when r — > oo, to some value k e (0, oo) (the connectivity constant) independent of the 
initial vertex v. In disordered planar graphs subadditivity is lost but, if the underline 
graph possess some statistical symmetries (ergodicity), we may believed that the rescaled 
connective function still converges to some constant. 

From Proposition 12. II we obtain a linear upper bound for the connective function of the 
Delaunay triangulation, where we set v to be the closest vertex to the origin: there exist 
a constant c > so that 

limsup— <c. (2.27) 

r^oo T 

To prove ()2.27|) recall we have associate to each self-avoiding path 7 and ordered sequence 
A (7) = (zi,...,z n ) of nearest neighbors integer sites, which maybe seen as animal in Z 2 
(Figure HU). 

The number of self-avoiding paths associated to an ordered sequence (zi, ...,z n ) should 
be at at most 

|BWn?|! x ■■• x ley 2 - 1 n v\\ 

(n\ is factorial of n). 

Now, every self-avoiding path with r steps intersects at most G r boxes, and thus 
N r < 4 Gr max {IB^ 2 - 1 n V\\ X ■ ■ ■ x IB^ 2 ' 1 n PI!} , 

which implies that 

|A| 

Kr = logiV r < (log4)G r + max {J^ log (B^ 2 ' 1 n P|!} . (2.28) 

1=1 

Denote 

X z := loglB^HPl!, 
and let X := {X z : z G Z 2 } and M s := M S {X) (see (l2~ToTl ). 
By (|2I2BD, if a > 1 and c < 1/2 log4 then 

¥(K r > ar) < P(G r > car) + F(M car > or/2) . (2.29) 
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Since ()2.16|) holds for X, by Lemma 12731 there exist 61,62 > such that if a > 1 and 
c < min{ 1/2 log 4, l/26i} then 

P(M c 2 ar > ar/2) < e- b2Car . (2.30) 

By Proposition 12. II we can find C3, C4 > so that, if ca > C3 then 

¥(G r > car) < e~ Cir . 

Combining this with (|2~2T?j) and (|2~50|) we obtain that for a > c 3 / min{l/2 log 4, l/26i} 

P(« r > or) < e- b2Car + e~ C4r . 
Together with Borel-Cantelli lemma, this proves (J2.27|) . 

3. Density of open edges in percolation and the time constant 

In this section we prove a sufficient condition on the passage time distribution F to ensure 
that ji(¥) > 0. We also show that the same condition ensures the existence of geodesies. 
These results will follow from the subsequent propositions. 

Proposition 3.1. There exist po e (0, 1) so that if p e (po, 1) then 

■q*(p) = liminf F*JA R ) = 1. 

In particular, p* < 1 . 
Let 

t r := inf{^ r e : 7 e C r (P n )} . (3.31) 

Proposition 3.2. 7/F(0) < 1 — p* f/ien i/iere exzsi constants Cj > snc/i ^/iat /or a// n 
sufficiently large, for all r > 1 

P(t P < cir) < e" C2r . 

Proof of Proposition ^. l\ Now we say that B^ 2 ' L is a good box, or equivalently V X (L, p) = 1, 
if the following holds: 

• ~B> l J 2,L is a full box, with respect to V, and |B^ 2,L n V\ < AL 2 for all z with 

|z zjoo ^ 1 j 

• X e * = 1 for all e* G V e which intersects B^/ 2,L . 

We denote i?i(z, L) and -82(2, L) the event specified in the first and in the second item 
above, respectively. The law of large numbers implies that 

lim P(£i(z,L)) = 1. (3.32) 

L— »oo 
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Since B^/ 2,L is a full box for all z with |z — < 1, by Lemma 12.11 the set of edges 
e* G V e intersecting B^ 2,i is contained in ~B^ 2,L . Let V, E and F be the number of 
vertexes, edges and faces of the Delaunay triangulation on B^ 2,1 ', respectively. Then 

3E = 2F 

and, by the Euler formula, 

V - E + F = 2. 

This yields that the number of edges in B^ 2,i has the same order as of vertexes in the 
same box. Thus, for some constant b > 0, 

P(B a (z, L) D B 2 {z, Lf) < bL\l - p) . 

Together with (|3.32jl . this yields that for all 5 > we can chose L sufficiently large, and 
then p = p(L, 5) sufficiently close to 1, to have that 

F(Bl /2 ' L is a good box ) > 1 - 5 . (3.33) 

From Lemma [2.21 we have that V := {V z (L,p) : z G Z 2 } is a collection of 3-dependent 
random variables. 

Notice that by a similar argument to construct 7 r (see subsection 12. 3|) and by using 
Lemma [2. II one can get that 

[3 a crossing composed by good boxes of [0, 3R/L] x [0, R/L]] C 

[3 an open crossing, with respect to X, of [0, 3R] x [0, R}} . 

Combining ()3.33|) with 3-dependence, one can find Lq large enough and then po suffi- 
ciently close to 1 so that the probability of the first event in the above inclusion goes to 1 
as R goes to infinity, which finishes the proof of Proposition 13.11 

□ 

Proof of Proposition EOI First we claim it suffices to prove Proposition 13.21 if P(r e = 1) = 
p = l-P(r e = 0). 

To see this, assume that F(0) < 1 — p*. Since F is right-continuous, we can chose e > 
small so that F(e) < l—p*. Let 

and denote t e r the infimun defined in (|3.31|) but considering the travel times r|. Therefore 

P(r e e = 0) < 1 - p* and et e r < t r , 

which yields the last claim. 

Now assume that P(r e = 1) = p = 1 — P(r e = 0). Let L > and z G Z 2 and define that 

1/2 L 

B z ' is a good box if the following holds: 

• For all z' G Z 2 with |z - z'| = 2, B^ 2 ' L is a full box; 
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• For all 7 G C(B z /2,i , <9B z /2 ' L ) we have t(i) > 1 . 
Let 

W?(L) := I(B Z /2 ' L is a good box ) , 

and 

p(n,L) := inf F(W?(L) = 1). 

Lemma 3.1. W n (L) := {W£(L) : z E Z 2 } is 5 -dependent for all L > 0. Moreover, if 
P(r e = 0) < 1 — p* then for all e > there exists L e > ( independent of n) so that for all 
n > L t 

1 - e < p(n, L e ) < 1 . 

Proof of Lemma VJ . 1\ 5-dependence follows from Lemma [2.21 
Now consider the event 

H^ n := {B l J 2 ' L is a full box (with respect to V n ) V |z - z'| = 2] 

and the event 

G Z L '" := [t( 7 ) > 1V 7 G C(BW,aB2^)] • 

Then 

F(W?(L) = 0) < P(( J ff z i ' n ) c ) + P((G^' n ) c ) . (3.34) 

As we have seen before, 

P((# z L ' n ) c ) _^ q when L __, uni f orm i y 

m n . 

This yields Lemma f3. II if we prove that if P(r e = 0) < 1 — p* then for all e > there exists 
L e > so that for all n > L e 

1 - e < F(G^' n ) < 1 . (3.35) 

We first prove (J3.35)) for n = oo. Let X e * := r e , where e* is the edge in V e (with point 
configuration V) dual to e. Then {X e * : e* G V e } defines a bond percolation model on V 
with law P*. 

Let 

R\ := [L/2,3L/2] x [-3L/2, 3L/2] , R\ := [-3L/2,3L/2] x [L/2,3L/2] , 

i?| := [-3L/2, -L/2] x [-3L/2, 3L/2] , R\ := [-3L/2,3L/2] x [-3L/2, -L/2] . 

Let be the event that there exists an open crossing in V, as in the definition of the 
event Al, but now translate to the rectangle R l L . 

1 /2 L 

Denote by Fl the event that an open circuit a* in V which surrounds B ' and lies 



inside B ' does not exist. Thus one can see that 



3/2, L 

UUCO 11UU CAlDlj. 1UUO Ul 

nt =1 Ai c (F L ) C . 
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Notice also that, if there exists an open circuit a* in V which surrounds Bq' /2 ' L and lies 
inside Bg //2,i then every path 7 connecting Bq / ' 2 ' L to d~B?J 2,L has an edge crossing with a*, 
and thus £(7) > 1. Together with translation invariance, this yields 

P((G^°°) C ) < W P (F L ) < 4(1 - F;(A l )) . (3.36) 
Since p > p*, by using ()3.36|) and the definition of p* one can obtain ()3.35|) for n = 00. 

Now, 

P(P 00 ^ 7> n in B^ 2 ' L ) < Cl L 2 e- c > n2S . 
for some constant c\ > 0. Thus, for all n > L 

P((G^'") C ) < P((G^ 00 ) C ) + Cl L 2 e- C2LM . (3.37) 
By (|3.36|) and (|3.37|) . given e > we can find L e so that for all n > L e 

which finishes the proof of this lemma. 

□ 

Now consider the random variable m^.(W n (L)) defined by (|2.18|) . Combining Lemma ITU 
with Lemma EUl one obtains that there exists L > and 61, b 2 > 0, whose value depends 
only on Lq, such that for all n 6 [1, 00], for all r > 

F(m 5 r (W n (L )) < btr) < e~ b2r . (3.38) 

Let 7 G C r and consider the animal A (7) previously defined. Then A (7) contains a 

subset B G with m 5 (A(7), W n (L)) good boxes. If Bl{ 2 ' L and B^ 2,L are 5- distant 
good boxes in A(7) then (by definition) for each j — 1, 2 there exist a piece of 7, say jj, 

connecting 9B^ 2,L to dBl( 2 ' L and so that £(7/) > 1. Since these good boxes are 5-distant, 
by Lemma EIU 71 and 72 must be disjoints. This yields that £(7) > 2. By repeating this 
argument inductively, one gets that 

m 5 (A( 7 ),W"(L )) <£( 7 ) <r. 

Therefore, 

P(£ r < cr) < F{g r < br) + F{ml r (W n {L)) < cr) . 
Together with (|3.38|) and Proposition 12.11 this yields Proposition 13.21 

□ 

Corollary 3.1. // F(0) < 1 — p* then there exist constants Cj > such that for all n 
sufficiently large, for all r > 

P(T(0,r) < c ir ) < e~ C2T . (3.39) 
In particular, z/F(0) < 1 — p* then /x(F) > 0. 
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Proof of Corollary IJ.il If we have a path 7 connecting to r then it intersects at least r 
unit boxes Bz . Thus, if b > then 

P(T(0, r) < cir) < P(G 6r > r) + P(t 6r < c x r) . 

Combining Proposition 13.21 with Proposition 12. 11 one can get (|3.1|) . 

The second part follows from (|3.1jh together with Borel-Cantelli Lemma. 

□ 

Corollary 3.2. If F(0) < 1 — ^en /or a// x, y G R 2 P-a.s. there exist at least one 
geodesic connecting x to y. Further, if¥ is continuous, then we have P-a.s. uniqueness. 

Proof of Corollaru \3.^\ Let 

d r (v) :=inf{T(v, v) : |v| > r} . 

By Proposition 12 . II and Proposition ^. 2[ we can find sufficiently small c > so that P-a.s. 

„ ,. . f d r (v) 

< c < hm mf — — . 

r T 

In particular, d r {y) — > 00 when r — > 00. 

Therefore, if we fix v, v e P n then we can find r large enough so that d r (v) > T(v, v) + l. 
This implies that the passage time between v and v will be attained by a path in the finite 
collection of paths connecting v to v and lying inside the ball centered at v and with radius 
r. 

To complete the proof, notice that if F is a continuous function then P-a.s. there are no 
finite path 7 and 7 with ]T ee7 r e = ]T ee? r e . 

□ 



4. Martingales with bounded increments and the rate of convergence 

We formulate the abstract martingale estimate used by Howard and Newman |S]. 

Lemma 4.1. Let (Q, J 7 , P) be a probability space and let {J-"k}k>o be an increasing family 
of o-algebras of measurable sets. Let {Mk}k>o, Mo = 0, be a martingale with respect to 
the filtration {jF fc } fc > and let {Uk}k>o be a collection of positive random variables that are 
J 7 -measurable. Assume that the increments = — M^-i satisfy 

< c, for some constant c > 0, (4.40) 

and 

E(A 2 k I < E(U k I r k - x ). (4.41) 
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Assume further that for some finite constants < Ci, v, x with x > c 2 , we have that for 
all x > Xq, 

P(J2 U k >x)< ci exp(x v ). (4.42) 

k>l 

Then almost surely M = lim^ocM^ exists. Moreover, there exists constants < C2,c^, 
whose values do not depend on c and x , such that for all x < x$, 

P(\M\ > i^) < c 2 exp(-c 3 a;). (4.43) 
Proof of Lemma \4-1\ See the proof of Lemma 5.2 in Howard and Newman jH] 

□ 

We construct the underline probability space as follows. For each k > 1 let 
Ik := {(a, b, c) : a > 1, b > k and c > 1 if b ^ k or c> a if b = k} , 

and denote 

^fc := {N k , (£/ feja ) a >i, (T" fe ,a)(a,Me/J 
where iV^ is a Poisson random variable with intensity n 2S , {Uk >a )a>i is a sequence of inde- 
pendent points uniformly distributed in B£ = B^ 2 '" , and (T^'°)( a ,6,c)e4 * s a sec L uence of 
independent random variables with distribution F. 

Let (f2fc,Pfc,^4fc) be the probability space induced by uj k and set u = (uj k )k>i and 

oo 

fc=l 

To determine the point process V, we put N k points in the box B£ given by Uk,i, • • • , Uk,N k - 
For each e £ T> e we know there exists > 1 and (a, 6, c) G so that e = {Uk, a , Ub )C ) and 
so we set r e := T k '° a . 

We shall use the following a-fields: 

Tk '■= cr- field generated by Ui, . . . ,u k . 
Let T n := T(0, n). The martingale representation of T n — ET n is 

oo 

T n - ET n = J2i E ( T n I ?h) - E (Tn | H-l)} ■ 
k=l 

This representation is valid because M : = and 

i 

M l := ^{E(T n | Tk) - E(T n | Tk-i)} 

k=l 

= E(T n | Tx) - ET n 
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defines a jF fc -martingale that, under (jl.5|) . converges a.s. (and also in L 2 ), to T n — ET ra . 
The increments of Mi are 

A fc = E(T n | F k ) - E(T n | ^_!) , 
and the main step is to estimate E(AjJ | Fk-i)- 

4.1. Successive approximations. In order to satisfies the prescription of Lemma \4. II we 
shall modified the configuration u. We define 

u k := Co k (n,uj k ) 

as follows: we change the point configuration V fl to V n fl BjJ; the travel time configu- 
ration is changed by putting travel times 3 

f k, C a ■= min K b a, 8b- 1 logn} . 

We note that Proposition 13.21 still holds for t r (V, (f e )v e ) (with constants not depending 
on n), since for large enough n, f e > min{r e , 1}. 

We denote ui := (u)k)k>i- When a variable, such as travel times, geodesies and increments, 
is a function of Q we will decorate it with a bar. For instance we write T r (u) := T r (u) and 
p r := prip)- 

Lemma 4.2. J/F(0) < 1 - p* and holds then, 

P(|T n - f n \ > x) < e~ Cin2S + e~ C2X (4.44) 

and 

E({T n - f n } 2 ) < c 3 . (4.45) 

Proof of Lemma To prove (|4.44|) we first claim that 

P(p„ % [~cn, ere] 2 ) < e~ C2n (4.46) 

(for sufficiently large c > 0). 

Lemma 4.3. Under M.b^) . there exists xq, Co > so that for all x > xq 

P(T r > xr) < e~ c ° xr . 

Proof of Lemma \4-'d\ By Proposition 12.21 there exist ci, Zq > so that if ex > Zq then 

P(f r > xr) < P(T r > xr , | 7r | < cxr) + e~ cicxr . (4.47) 

By independence, 

cxr 

P(f r > xr, |7 r | < cxr) < JZ P E fe > xr ' l^ r l = -?') P (l^l = •?) - 

j=0 ee>- 



3 6 > is given by (|1.5|) 
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cxr j 

J2 F (J2 fi > xr M\l\ = j) < e-' xar {Ee ar ) crx < e~ axr/2 
if c < alogEe ar . Together with l4.47| this yields Lemma f4. 31 

□ 

To prove (|4.4fi|) notice that, 

P(Pn £ [-cn,cn] 2 ) < 
F(\p n \ > bn) +P(3 7 G C bn : 7 £ [-cn,cn] 2 ) . (4.48) 

Now, 

P(|p„| > bn) < P(f n > an) + P(f n < an and \p n \ > bn) 

= P(f n > an) + P(t ftn < ^-bn) . 

Together with Proposition 13.21 and Lemma f4. 31 this yield that if we take a > Xq, b > so 
that a/b < C\ (given by Proposition I3.2|) then 

P(|p n | > bn) < e C2n , (4.49) 

for some constant C2 > 0. 

By Proposition 12.11 if we take c sufficiently large, 

P(3 7 G C bn : 7 % [-cn,cn] 2 ) < F(G bn > cn) 
will also decays exponentially fast with n. Together with (J4.48j) and (|4.49j) . this proves 

Turning back to the proof of ()4.44j) . assume that p n C [— cn, cn] 2 and V = V n . Thus 

\f n -T n \ < \f n \ + \T n \ < 2t(j) n ) . 

This yields, 

P(|T n - T n \ > x) < F(V ^ V n in [-cm, cm] 2 ) + 
P(pn 2 [~cn, cn] 2 ) + P( r e I ( r e > 8a" 1 logn) > x) . (4.50) 

Notice that, since the mean number of Poisson points inside B 7 ^ is n 2S , by using simple 
large deviations results for Poisson process we have that for each b > there exists a 
constant bi = h(b) > such that for all n G [1, 00) 

F{V n [-bn, bn] 2 ^V n n [-bn, bn] 2 ) < e~ bin2S . (4.51) 

Let B C IR 2 and denote E&(V) the number of edges (v, v') in T> so that v,v' G B. 
Since the number of edges is comparable with the number of vertexes (see the proof of 
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Proposition 13.1(1 we have that for each b > there exists b\ = bi(b) > such that for all 
r > 

P(£[-6r,6rHP) > 2(6r) 2 ) < e~ h ^ . (4.52) 
To estimate the last term in the right hand side of ()4.5Uj) notice that, by (|4.52j) . 

P( T * l ( T e > 8fl_1 lo S n ) > x ) < 

[—c\n,c\n\ 2 

P( T ^ > 8a_1 lo S n ) > x I E l-cxn, cl n]2 < bin 2 ) + e b2n2 . 

[—cin,cin] 2 

By using a similar procedure presented in Kesten ^3] (see (2.37) there) one can prove 
that 

[—c\n,c\n\ 2 

Together with (fOHJl . ((430(1 and ((43T(l . this yields (jOij) . 
By Lemma (4.31 we also have that 

P(|T n -T n \> ny) < P(T n > ny/2) + P(T n > m//2) < e" 6 ^ , (4.53) 

if V > Vo- 
Thus 

E({f n - T n } 2 ) = 2n 2 / P(|f n - T„| > ny)ydy 

Jo 

ryo roo 
= 2n 2 [ P(|T n - T n | > rn/)j/dy + / F(\f n -T n \> ny)ydy] . 

JO Jy 

By ((4.44(1 and (|4.5()j) . the last term is bounded by a constant and this completes the 
proof of Lemma 14.21 

□ 

4.2. Main estimate. We introduce the the following notation: if u = (u k ),a = (a k ) G Q 
then we denote 

[to, a]k '■= (uji, . . . , u>k, Cfe+i, crfc + 2, . . . ) . 

We also set 

oo 

Vk := Y[n 

j=k 

Since 



we have 



T n [u,a) k u k+1 (da) = J T n [u , a) k v k {da) , 
A fc = J T n {u,o\ k v k+ i{da) - J f n [u, o\ k -iv k {da) 
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= J {f n [u, a] k - f n [uj, a} k -i}v k {da) . 

Let F k be the event that a geodesic from to n has a vertex in B£. Let I k be the 
indicator function of F k and denote I k {oS) : = I k {oj). 

Lemma 4.4. 

\f n [uj,a]k - T n [a;,cr] fc _i| < cin 25 lognx max{J fe [a;, a) k , I k [u, a) k -i} ■ 

Proof of Lemma \4-4\ By Lemma l2.1[ if I k [(j,a] k = then p n [uj,a} k is also a path in 
V[u,a]k-i. Thus 

T n [w, cr] fc _i < t(p„,[u;, cr] fe ) = T n [u, cr] k . 
Analogously, if I k [u,a} k -i = then 

T n [u, cr\k < t{p n [v, o-] k -i) = T n [u, a] k -i ■ 

Therefore, 

max{I k [uj, a} k , I k [w, a]k-i] = \T n [u, a] k - f n [u, a]k-i\ = . (4.54) 

Now assume I k [u,o-} k = 1. Let V/ (resp. vj) be the first (resp. the last) vertex v G 
p n [u, a] k so that C v n B^ ,n<5 . Define 

ifj n := p(0, v / )7(v / , v u )p(v f} n) 

which is the concatenation of these three paths. 

By Lemma 12.11 and the definition of V n , which ensures that B^' n has enough points 
to isolate B£ from £p n ((B^' n ) c ) (see sub- sect ion EH), T>[u,<r] k and V[u,a] k -i coincide 
outside B^'™ 215 . Thus, ip n is also a path in V[cu, a] k -i and so 

r n [u;,(7] fc _i < t(ip n ) = T(0,v f )[u,a) k +t(j(v f , v{))[u,a] k -i + T(v h n)[u, a] k 

< T n [u,a) k +t(j(vf, vi))[u,<r]k-i . 

Analogously, if I k [uj, cr] k -i = 1, then 

r„[u;, «r] fc < = T(0,v f ){Lj, cx] fc _i + *(7(v/, Vj))[w, «r] fc + T(v ; , n)[u;, cx] fc _i 

< T„[u;,cr] fc _i +i(7(v/,Vi))[a;,cr]jfe. 

Therefore, 

|T„[a>, er] fc - T n [u;, <x] fc _i| < 

max{t(7(v /; Vi))[uj, a] k , t(^{v f , v t ))[uj, cr] fc _i} max{J fe [o;, <r]h-i, h[u, v]k} ■ (4-55) 
Lemma \2. II and the definition of V n also ensures that, 

max{|7(v/, Vi))[u,a] k \, ^(v/, Vj))[w, < cin 2<5 , 
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for some constant c\ > 0. Together with 

f e < 8a _1 logn 

and (|4.55|) . this implies Lemma f4. 41 



□ 



Let Uk ■— 2(ci) 2 n 4<5 (logn) 2 /fc, where C\ is the constant given by Lemma f4. 41 
Lemma 4.5. // F(0) < 1 — p* and / li.,5)) holds then for all sufficiently large n 

oo 

E(Y,U k ) < n 1+5S . (4.56) 
k=i 

Further, for all 5 £ (0, 1/8) /or a// y > n 1+7<5 ; 

oo 

P(^^>y)<e- C ^ 1/2 . (4.57) 
fe=i 

Proof of Lemma \4 ■ 5\ By definition 

oo oo 

J2 U k = cm 4<5 (logn) 2 ^4 < cm 45 (log nf sup |p n | . (4.58) 
k=x fc=i 

Thus 

oo 

P(^/ fc > ny) < P(sup |p n | > ny) 
fc=i 

< P(f n < cny) + P(t ny < cny) . 

By Proposition 13.21 if we chose c > sufficiently small, 

¥{t ny < cny) < e 5yn . 

Therefore, 

E(V"/ fe ) < E(sup |p n |) =n / P(sup \p n \ > ny)dy 

/*oo /*oo 

< n / P(f n > cny)cfy + / P(t ny < cny)dy 
Jo Jo 

= E(f n ) + cn , 

which proves ()4.56|) . 

From Proposition 13.21 and Lemma f4. 31 if x > CqU then 

P(sup \p n \ > x) < P(f n > cx) + P(t x < cx) < e bx . 

Together with ijPflJl . this yields ljQ7|) . 
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Proof of TheoremU\ (jl.4j) follows from Corollary 13.11 

Now we prove by Lemma [4.41 the Schwarz inequality and the Fubini theorem, 

E(A 2 | T k ^) = J {J {f n [u,a) k -f n [LU,a} k ^}u k (da)} 2 ¥ k (duj) 

< c\n i& (\ogn) 2 J { J max{I k [uj,a} k ,I k [uj,a}k-i}^k(da)}F k (duj) 

<2c 2 1 n 4S (\ogn) 2 J I„[u, a\ k -iv k {da) = E{U k \ F k _ x ) . (4.59) 
From Lemma [4.51 and (J4.59j) . for all n sufficiently large 

oo oo 
k=l k=l 

Now, Lemma 14.21 and the Schwarz inequality implies that 

VT„ - Vf n = E({T n - f n }{T n + f n }) + E(f n - T n )E(f n + T n ) 

< 2{E({T n - f n } 2 )E({T n + fn} 2 )} 1 / 2 < 2{c 3 E({T n + T^ 2 )} 1 ' 2 
(03 is given by Lemma f4.2|) . 

By Lemma [Ql E({T n + T n } 2 ) is at most of order n 2 . Together with ()4.60|) . this proves 

(HU). 

To prove (JT77J), let 

c = c(n) := c 2 n 2<s logn and Xq := n 1+7S , 

where C\ is the constant appearing in Lemma f4. 41 Then x Q > c 2 (for large n). By Lemma 
l4~4land l43Hl 

A fc < c 

and 

E(A 2 | F k _ x ) < E(U k | F k _ x ) . 

Together with Lemma l4~o] this yields ()4.40j) . ()4.41j) and ()4.42j) (with u = 1/2). By applying 
Lemma f4. 11 one obtain that for all large n and x < rS l+1& ^ 2 

P(|f n - Ef n | > xn (1+75)/2 ) < c 2 e~ C3X . (4.61) 

On the other side, by Lemma f4. 21 if x > 1 and n is large, 

P(|T n -ET n | > xn {1+7S)/2 ) < 

P(|T n - f n | > xn {1+7<5)/2 /3) + P(|f n - Ef n \ > xn (1+75)/2 /3) . 
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Combining this with Lemma 14.21 and (j4.61|) one get that for some constants b 2 ,b s > 0, 
for n large and x < n^ 75 ^ 2 , 

P(|T n - ET n | > xn^' 2 ) < b 2 e^ x46/il+75) . (4.62) 

Therefore, given k G (1/2, 1) we set 5 := (2k, — l)/7 and obtain (jl.7|) from (J4.62j) . 

fll.Sjl will follow from the same argument presented by Howard and Newman jHj to deal 
with the same inequality, but in the euclidean FPP context (see the proof of (4.3) there). 
For this reason we just sketch this proof and leave further details for the reader. 

By Lemma 4.2 of Howard and Newman [Hj, (jl.8)) will follows if we prove that, for some 
constant C\, 

ET(0, 2n) > 2ET(0, n) - cin K (log n) l/v (4.63) 

To prove (|4.63|) take 5 < k/2 and pick x x := n, x 2 , . . . , X/( n ) in the boundary of D n 
so that every x G D n is within distance n s of one of the Xj, and l(n) < en 1 " 6 for some 
constant c > 0. Let Xj := 2n — Xj (the radial reflection of x^- about n) D n := 2n — D n . 

Let p 2n be a geodesic connecting to 2n. Then p 2n exits D n for the last time at some 
point y n and after that it enters in D n at some some point y n . Let x j(n ) G {x 1; . . . ,x n } 
and Xj( n ) G {xi, . . . , x;} be the closest points to y n and yn respectively. 

Thus, 

T(0,2n)>T(0,y n )+T(y n ,2n) 
> T(0, x i(n) + T(x n , 2n) - [(T(0, x i(n) - T(0, y n )) + (T(x i(n) , 2n) - T(y n , 2n))] . 

By sub-additivity, 



T(0, x j(n) ) - T(0, y n ) < T(x i(n) , y n ) < max sup T(x j , y) 



and 



3 y~-x.j<n s 



T(x i(n) , 2n) - T(y n , 2n) < T(x j(n) , y n ) < max sup T(xj, y) 

Therefore, 

T(0,2n) > 



minT(0, Xj) + minT(0, Xj) — [max sup T(xj,y)+max sup T(xj,y)]. 

J 3 3 y-Xj<n s 3 y-Xj<n s 

By symmetry, this implies that 

ET(0,2n) > 

2ET(0, n) - 2[E(max{ET(0, x^) - T(0, x^)}) - E(max sup T( Xj , y))] . (4.64) 

•> 3 y—x.j<n s 

Together with Lemma 4.3 of Howard and Newman [8 , (jl.7|) yields 

E(max{ET(0, Xj) - T(0, x^)}) < c 2 n K (log n) 1/v . (4.65) 

j 
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By noting that the expected number of edges inside {y : y — < n 5 } is of order n 2S 
and by using Lemma [4.31 one can prove that 

E(max sup T(xj,y)) < c 3 n 2<5 < c 3 n K . 

3 y— Xj <n' s 

Combining this with (|4.64j) and (|4.65|) . one gets (|4.63j) . 

□ 
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